ED 038 304
AUTHOR

TTTLE
INSTITUTION
SPONS AGENCY
EEPORT NO
RURTAU NO
PUB DATE
CONTPACT
VOTE

EDRS PEICE
DESCRIPTORS

ARSTRACT

DOCUMENT RESUME

24 SE 008 251

Shepler, Jdack L.

A Study ot Parts of the Development of a Unit in
Probability and Statistics for the Elementary
School, (Part 3) and ZAppendix A (Conclusion).
Wisconsin Univ., Madison. Research and Development
Center for Cognitive Learninge.

Office of Education (DHEW), Washington, D.C. Bureau
of Research.

TR=105

BR-5-0216

Nov 69

OEC-5-10-154

98pa

EDRS Price MF-$0.50) HC-$5.00

*Curriculum Development, Doctoral Theses,
*Elementary School Mathematics, Grade 6,
*Tnstruction, *Research, Statistics

Reported 1s research conducted as a part of the

Project on Analysis of Mathematics Instruction. The study had two
main purposes: to test the feasibility of teaching topics in
probability and statistics to a class of sixth grade students; and to
construct a set of instructional materials arnd procedures in
probability and statistics for sixth graders. A unit of instruction
was prepared and the order in which behavioral objectives were to bhe
taught was determined from a content outline and a task analysis« The
results of the study support the feasibility of teaching most of the
topics covered in the unit to avarage and above average sixth
graders. The study also lends support to the use of the systems model
employed for developing curriculum materials. Part III is a
continuation of Appendix A which was begun in Part II. Lesson Plans,
exercises, and quizzes used in the study are included. (FL)




cD038304

, ) U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE
. OFFICE OF EDUCATION

THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED FROM THE
PERSON OR ORGAHIZATION ORIGINATING 1T, POINTS OF VIEW OR OPIRIONS
STATED DO WOT NECESSARILY REPRESENT OFFICIAL OFFICE OF EDUCATION

POSITION OR POLICY.

No. 105 (Part III) Appendix A (Conclusion)

A STUDY OF PARTS OF THE DEVELOPMENT OF A UNIT
IN PROBABILITY AND STATISTICS
FOR THE ELEMENTARY SCHOOL

Report from the Project on
Analysis of Mathematics Instruction

,(O U.S.Office of Education Center No.C~03 Contract OE 5-10-154




MAR 3 0 19,

EDO 38304

Technical Report No. 105 (Part III) Appendix A (Conclusion) l
]
A STUDY OF PARTS OF THE DEVELOPMENT OF A UNIT |
IN PROBABILITY AND STATISTICS
FOR THE ELEMENTARY SCHOOL

y Report from the Project on
Analysis of Mathematics Instruction

By Jack L. Shepler

Thomas A. Romberg, Assistant Professor of Curriculum & Instruction
Chairman of the Examining Committee

Thomas A. Romberg, Principal Investigator

Wigsconsin Research and Development
Center for Cognitive Learning
The University of Wisconsin
Madison, Wisconsin

November 1969

This Technical Report is a doctoral dissertation reporting research supported by the Wisconsin
Research and Development Center for Cognitive Learning. Since it has been approved by a Uni-
versity Examining Committee, it has not been reviewed by the Center. It is published by the
Center as a record of some of the Center’s activities and as a service to the student. The bound
original is in The University of Wisconsin Memorial Library.

Published by the Wisconsin Research and Development Center for Cognitive Learning, supported
in part as a research and development center by funds from the United States O‘fice of Educaticn,
Department of Health, Education, and Welfare. The opinions expressed herein do not necessarily
reflect the position or policy of the Office of Education and no official endorsement by the Office
of Education should be inferred.

- Center No. C-03 / Contract OE 5-10-154




NATIONAL EVALUATION COMMITTEE

Samuel Brownel}
Professor of Urban Education
Graduate School

Yale Unijversity

Launor F. Carter

Senior Vice Presiclent on
Technology and Development

System Development Corporation

Francis S. Chase
Professor

Depariment of Education
University of Chicage

o A e - e e e W s ik et

UNIVERSITY POLICY REVIEW BOARD

Leonard Berkowitz

Chairman
Department of Psychslogy

Archie A, Buchmiiler

Doputy State Supurintendent
Department of Piblic Instruction

*James W. Cleary

Vice Chancellor for Acadamic
Affairs

Leon D, Epsfein

Dean
College of Latters and Science

Henry Chauncey
President
Educational Testing dervice

Martin Deutsch

Director, Institute for
Vevoelopmental Studies
MNew York Medical College

Jack Edling

Director, Teaching Research
Division

Oregon Stat? System of Higher
Eduration

Elizabeth Koontz

President
National Education Association

Roderick McPhee

President
Punahou School, Honelult

G. Wesley Sowards
Director, Elementary Education
Florida State University

Patrick Suppes
Professor

Department of Mathematics
Stanford University

*Benton J. Underwood

Professor
Department of Psychology
Northwestern University

John Guy Fowlkes

Director
Wisconsin Improvemen{ Program

- Robert E. Grinder

Chairman
Department of Educational
Psychology

H. Clifton Hutchins

Chairman
Department of Curriculum and
nstruction

Clauston Jernkins

Assistant Director

Coordinating Committee for
Higher Education

Herbert J. Klausmeier

Director, R & D Center
Professor of Educational
Psychology

Donald J. McCarty
Dean

Schonl of Education

Ira Sharkansky

Associate Professor of Political
Science

Henry C. Weinlick

Executive Secretary

Wisconsir, Education Assoclation

M. Crawford Young

Associate Dean
The Graduate Schoo!

EXECUTIVE COMMITTEE

Edgar F, Borgatta
Brittinghum Professor of
Sociology

Max R, Goodson

Profyssor of Educational Policy
Studies

Russell J. Hosler

Professor of Curriculum and
Instruction and of Business

*Herbert J. Kiausmeier

Director, R & D Center
Professor of Educational
Psychology

Wayne Otto

Professor of Curriculum and
Instruction (Reading)

Rokert G. Petzold

Associate Dean of the School
of Education

Professor of Curriculum and
Instruction and of Music

Richavd L. Venezky

Assistunt Professor of Englisk
and of Computer Sciences

FACULTY OF PRINCIPAL INVESTIGATORS

Ronald R. Allen

Associata Professor of Spaech
and of Curricidum and
Instruction

Vernon L. Allen
Associale Professor of Psychulogy
On laave 19568-69)

Nathan S, Blount

Associate Professor of English
and of Curricvlum and
Instruction

Robert C. Calfee

Associate Profassor of Psychology

Robert E. Davidsos:

Assistant Professor of
Educatione] Psychalogy

Gary A. Davis
Associate Professor of
Educational Psychology

M. Vere DeVault

Professor of Curriculum and
instruction {Mathematics)

Frank H. Farley

Assistant Professor of
Educational Psychology

John Guy Fowlkes (Advisor)

Professor of Educational
Administration

Director of the Wisconsin
Improvement Program

Lester S. Golub

Lectur~r in Curriculum and
instruction und in English

Moax R. Goodson

Professor of Educational Policy
Studies

Warren O, Hagstrom

Professor of Sociology

John G. Harvey

Associate Professor of
Mathematics and Curriculum
and Instruction

Herbert J. Klausmeier

Director, R & D Center
Professor of Educational
Psychology

Burton W. Kreitlow

Professor of Educational Policy
Studies and of Agriculfural
and Extension Education

Richard G. Morrow

Assistant Professor of
Educational Administiation

Wayne Ottc
Professor of Curriculum and
Instruction (Reading)

Milton O. Pella

Professor of Curriculum and
Instruction (Science)

Thomas A, Romlerg

Assistant Professor of
Mathematics and of
Curriculum and Instruction

Richard L. Venezky

Assistant Professor of English
and of Computer Sciences

MANAGEMENT COUNCIL

*Herbert J. Klausmeier

Ditector, R & D Center
Acting Diractos, Program 1

Mary R. Quilling
Ditector
Tachnical Section

Thomas A. Romberg

Director
Programs 2 and 3

James E. Walter

Director
Dissemination Section

Dan G. Woolpert

Director
Operations and Business

* COMMITTEE CHAIRMAN




e

STATEMENT OF FOCUS

The Wisconsin Research and Development Center for Cognitive
Learning focuses on contributing to a better understanding of
cognitive learning by children and youth and to the improvement
of rilated educational practices, The strategy for research and
development iz comprehensive, It includes basic research to
learning and about the processes of instruction, and the subse-
quent development of research-based instructional materials, many
of which are designed for use by teachers and others for use by
students, These materials are tested and refined in school settings.
Throughout these operations behavioral scientists, curriculum ex-
perts, academlc scholars, and school people interact, imsuring that
the results of Center activities are based soundly on knowledge of
subject matter and cognitive learning and that they are applied to
the improvement of educational practice.

This Technical Report is from Phase 2 of the Project on I to-
typic Instructional Systems in Elementary Mathmaties in Progr. . 2.
General objectives of the Program are to establish rationale and
strategy for developing instructional systems, to identify sequences
of concepts and cognitive sk+lls, to develop assessment procedures
for those concepts and skills, to identify or develop instructional
materials associated with the concepts and cognitive skills, and to
generate new knowledge about instructional procedures, Contributing
to the Program objectives, the Mathematics Project, Phase 1, is
developing and testing a televised course in arithmetic for Grades
1-6 which provides not only a complete program of imstruction for
the pupils but also inservice training for teachers. Phase 2 has a
long~term goal of providing an individually guided instruational
program in elementary mathematics, Preliminary activities include
identifying instructional objectives, student activities, teacher
activities materials, and assessment procedures for integration
into a total mathematics curriculum. The third phase focuses on
the development of a computer system for managing individually
guided instruction in pathematics and on a later extension of the
system's applicability.
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ABSTRACT

From a content outline and a task analysis the behavioral
objectives for a unit of instruction in probability and statistics
for sixth-grade students and the order in which objectives would
be taught were determined, An instructional analysis of the unit
was undertaken to select or develop materials and procedures for
teaching the unit,

Data from a pilot study conducted in the fall of 1969 were
used to identify a set of nine lessons that could be formatively
evaluated to test the feasibility of the instructional analysis.
The lessons were used to teach a class of 25 sixth-grade students
of average to above average ability. The topics ceveloped through
experiments, games and exercises were subjective probability notions,
empirical probability, counting techniques, a priori probability
including simple and compound events, and comparison of two events
using probability.

On the basis of the overall pretest and posttest the instruc-
tional treatment was generally successful. The pretest percentage
was 37.9% and the posttest percentage was 92.8% with all 72 items
successful for 11 of the 14 measured objectives. Instruction was
unsuccessful in getting students to specify the estimated probabi-
lity; number the outcomes of an event; and estimate the probability
successful for these three objectives because of a lack of stress
and practice. Two learning hierarchies were also tested. One
hierarchy was validated and the other was not. The results of the
study support the feasibility of teaching most of the included
topics in probability and statistics to average and above average
sixth~grade students given high quality of teaching. The study
lends support to the use of the systems developmental model employed
in this study for developing curriculum materials for the schools,
especially when used in conjuction with Bloom's '"Mastery Learning”
techniques.,
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QUIZ*

Name

- True (T) or False (F)

\ 1. When you spin a fair spinner 50 times that is 1/2 Red and 1/2
) : Blue you will most likely get between 20 and 30 Red.

2. You have spun a fair spinner 50 times that is half Red and half
Blue. You have gotten 30 Red and 20 Blue. If you were to spin
the spinner again, you are more likely to get a Red than a Blue.

3. It is possible for two teams to perform the experiment of spinning

the spinner in Problem (2) 50 times and one team get 20 Red and 30
Blue and another team get 31 Red and 19 Blue.

You pick a marble from the box at the right (:)(E)(:)(:}(:)
containing red, white and blue marbles., '

1. How many possible outcomes are there?

2. What is the probability of getting a blue marble?

3. What is the probability of getting a red or a blue marble?

4. P (Ror Wor B) =7

You spin the spinner at the right one time.
(If it falls on a line you spin it again.)

l. How many possible outcomes are there? (Note: falling on a line
is never considered as one of the possible outcomes since you spin
again when it happens.)

2, P (2) =7

3. P (2or 4) =7

4., What is the probability of getting a number greater than 7?

*Quiz ITA (first 14 items) and Quiz TIB (last 10 items)




You spin the spinner at the right twice.
The outcomes are:

276

1. 1,1 /

2., 1,2

3. 2,1

4e 2,2

1. P (1,1) =7

2. P (1 on the first spin and any number on the second spin) = ?

3. P (2 numbers are both even) = ?

For the following problems you pick a Box A& Box B

numbered chip from Box A and one from D O

Box B. ONONE) '
ONC

How many possible outcomes are there?

What is the probability of getting "'2" from Box A and "3" from
Box B.

What is the probability of getting an outcome whose sum is
equal to 67

What is the probability of getting an outcome whose sum is
less than 8?7
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™
7 For the following problems you spin 4 11 \ﬁ
the spinner at the right two times. | /?ﬁ }
| v 37 2
" /

’ 1. How many possible outcomes are there? ‘
9 ————— . gt

2. What is che probability of getting a "3" on the first spin and a
"4" on the second spin?

3. What is the probability of getting an outcome whose sum is equal
to 8 7

| 4. What is the probability of getting an outcome whose sum is equal
l to 5 7
|

5. What is the probability of getting an outcome whose sum is greater
} | than ""10"?
|

6. What is the probability of getting two even numbers?
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ANALYSIS OF QUIZ IIA AND QUIZ IIB

Thursday (3/20)

This quilz given on Thursday contained two subquizzes: Quiz ITIA
and Quiz IIB, one (first 14 items) to test their mastery of the concepts
that vere on the first quiz and the second (the last 10 items) to
test their mastery of Lesson 6, Part I.

The mean on Quiz IIA in percentages was 90 per cent or 12.54 on
14 items with variance of 1.83. 185/24% were classified as masters on
the first part (misses < 2). (Those missing 3 or 4 were subjects 9,
10, 15, 19, 20 and 25.) 158/24/ missed 0 - 1; 21s/24s missed 0 - 3;
24s5/24s missed 0 - 4, Three people, 10, 19, and 25, who were classified
as masters on the first quiz were nonmasters on this quiz. 1In inter-
viewing two subjects, 10 and 19 of these three, they said that they
had looked at the problem at the top of page 2 and had answered the
question by looking #t the picture (i.e., treating the problem as
a one-dimensional problem). From this conversation the author was
convinced that they were masters of the concepts. This made 20s/24s
masters at which point thé author decided no more class quizes would
be given to measure the concepts that had been measured in Quiz I and

Quiz IA. The item difficulties for the 14 items were:

1. 23/24 1. 23/24 L, 23/24 1. 19/24
2. 22/24 2. 24/24 2. 18/24 2. 19/24
3. 23/24 3. 23/24 3. 20/24 3. 18/24

L. 24/24 L. 24/24
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In regard to Quiz ITI - B (10 items) only 6/24 were classified as Masters
(90 per cent or better), 11/24 at 80 per cent or better, 14/24 at 70 per cent or
better. The mean performance was 6.96 or 69.6 percent. The quiz was
corrected such that if one missed the number of possible outcomes

the rest of the items dependent on this were also marked wrong. This

was done to emphasize the importance of counting correctly. If one

scored the items so that for a question asking for the probability of

an event is marked correct if a person used the answer he put for

the number of possible ocutcomes in the denominator and the correct

number in the numerator then the mean was 7.8 or 78 per cent.

Ttem difficulties for Quiz ITI - B:

first way of scoring second way of scoring
1. 20/24 same

2, 18/24 21/24

3. 14/24 19/24

L. 23/24 same

1. 17/24 same

2, 16/24 | 21/24

3. 15/24 20/24

4, 13/24 15/24

5. 23/24 same 1
6. 8/24 9/24

The e¢rror in Ttem 1 was that the students added 3 and 4 together
to get 7 (4/4 who missed the item).
The analysis of item 1 on the last page is not clear-cut. Most of

the incorrect responses (5/7) viewed the problem as a one dimensional
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¢
;’ problem and answered 4. The other two incorrect responses were 8 and

! 20.
Ttem 3, page 2, was missed by five people because of not being able

i to count the number of ways one can get the sum of 6. For Item 4, page 3,
; nine subjects had the same difficulty in finding the number of ways

one gets the sum of 5. Item 6, page 3, was missed by 15 subjects, pro-
baby caused by people not viewing this as a two-dimensional counting
problem, not counting correctly, or not knowing what is meant by two

even numbers.

The class was told that they would have another chance to obtain
mastery of the concepts contained in Quiz IIB.

Subjects scoring at the 60 per cent level or beiow were 10, 13,

16, and 25.

The quiz again showed that there should have been a worksheet in
Lesson 6 which mixed one and two-dimensional problems in probability
before this quiz. Although the author viewed the test as two quizzes,
many subjects had problems in distinguishing between one and two-
dimensional probability problems. This is understandable in the sense
that the worksheets used in Lessons 4, 5 and 6 never mixed ome-

dimensional and tweo-dimensional problems together.

Subject 6 was absent for Quiz II.
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Lesson 7

CHOOSING BETIWEEN TWO EVENTS

Objectives:

The child should be able to:

1. Identify the most likely event of two unequally likely
events in a one-dimensional sample space.

2. Identify the most likely event of two unequally likely
events. (where one event is 1-D and the second event
is 2-D).

3. Identify two equally likely events in a one-dimensional
space as being equally Iikely.

4. Identify two equally likely events where one event is 1-D

and the second event is in 2-D as being equally likely.

Prerequisite Behaviors:

The child should be able to:
1. Order two fractions (e.g., 3/7 > 2/6):

2. Specify the probability of events in one and two dimensions.

Materials to be used:

nr—

1. Boxes and marbles.

2. Spinners.

New Vocabulary:

None.
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Method of Presentation:

Play a game using two boxes of marbles, Box A containing 2 black
and 4 white marbles and Box B containing 1 black and 1 white marble. A
mark is placed on the board each time a blacl marble is drawn from Box A
or Box B. The marks for Box A and Box B are recorded separately. Each
person in the class is allowed to decide which box he would rather pick
from. Thus two teams are formed, Team A using Box A and Team B using
Box B. A person frcin Team A is to shake Box B so that members from Team
B may take turns drawing. Do the same thing for Team A. Have cne member
from each team record the results on the board. Play the game drawing
30 times from each box. Team B should win.

Ask the teams why Team B won (if it does - and it should). If no
one suggests probability ask them to assign a probability number to
each box and compare the two fractions. Ask them on the basis of the
probability numbers how many black they wwuld expect in 30 draws. Com-
pare this number with the actual number gotten.

Pass out handout concerning 1 D "urn' (box) problems where students
are to decide which of two boxes they would rather draw from, or that it
doesn't make any difference.

Ask them how they could use probability to make a decision as to
which box they would rather pick from. Their reply should state that
one should assign a probability to each box and compare the two fractionms.

If one is larger than the other then it is better to pick from the box

with the larger fraction. If the two fractions are equivalent, it doesn’'t




make any difference.
Stress, '"because of the need to compare two fractions I am going
to pass out a sheet which asks you to compare 30 sets of fractions.

These fractions are ones that will actually be used in future problems.

If you know how to assign probabilities and compare two fractions you
will have no trouble making the correct decision about the two boxes."

After the sheet of problems involving the ordering of two ratios
is completed, correct them in class by having the children exchange

their papers. Then ask them to do the rest of the problems concerning

the 1 D box problems,




Lesson 7, Part 1
FRIDAY, MARCH 21 .

Pass out Exercise I (Lesson 7, Part 1) for students to finish.

Discuss Quiz.

Place the problems from the following sheet on the board.

Have students fill out ordering of two fractions exercise.

Introduce bonus problem concerning how many different tele-
phone numbers there are.

Talk about chances of two people in the room having a birthday

on the same day. Use picture from Time-Life's Mathematics

concerning the problem.
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SUPPLEMENT TO LESSON 7

» Class Exercise Arising from
Analysis of Quiz II - B

- Friday (3/21)

2D

@ spin twice

1. How many possible outcomes?

2. How can we find out the number of possible outcomes?

3. What is the probability of 3 on the first spin, 3 on the

second spin?

4. What is the probability of getting the sum of three?

5. What is the probability of getting two odd numbers?

Box A Box B

o @ D
® ®® 6

1. What is the probability of getting 2 in Box B?

2. How many possible outcomes are there in Box B?

- 3. How many possible outcomes if you pick one chip from Box A
and one chip from Box B?
4. What is the difference in picking from Box B only and picking

from Box A and Box B?

5. What is the probability of getting the sum of 67
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DISCUSSION OF LESS8ON 7, PART I (DAY TWO) AND

REVIEW OF LESSON 6

Friday (3/21)

Seven minutes were spent to allow the students to finish the

handout from Lesson 7, Part I. «
This handout was then collected in order to correct it. The quizizes
from Thursday were returned and discussed.
From the results of Quiz IIA, 20s/25s were classified as masters
of probability as measured by Quiz I or Quiz ITIA. However, students

were confused by probability problems which called for using a tree as

measured by Quiz IIB and only 1ls/25s were at the 80 per cent level or
above. Due to this, rather than start Lesson 7, Part II, which depends
on this, it was decided to give students more practice in doing such
problems and also help them to distinguish between one-dimensional

and two-dimensional probability prcblems. The students were told that

they would have a second chance to become masters on Monday. A quiz
o similar to Quiz TIB would be given at that time.

: The following questions were written on the board and covered via

class discussion. These took the rest of the peiod to complete. j

If time had been available, the practice sheet for ordering two

fractions would have been done as a class activity. (See pages
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EXERCISE 7.1 87

The following boxes contain black and white marbles. To play this
game you pick a marble from one of the two boxes. You win if you
choose a black marble.

If you can play this game only once, do you have a better chance
of winning if you pick from Box A or Box B, or doesn't it make any
difference?

For each question, place an "X" in the blank at the right that
shows your choice.

1. Box A ~ Box B ,
Box A
00 (- NON®)
Box B
[ XO) 00
’ It doesn't make any
difference
. Box A B B
2 °X Box A
0
® O Box B
ONO) —_—
. It doesn't make any
difference
. Box A B B
3 X ox Box A
[ JejoJo)
® ___ Box B
olel Yo
It doesn't make any
difference
4. Box A Box B
Box A
i ®0O0
‘ O Box B
P 008 —_
It doesn't make any
difference
5. Box A Box B
_ Box A
o o O0.0
4 Box B
000 . Box

It doesn't make any
difference
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6. Box A Box B Box A
o cee® box
ox
Ce ®O0
It doesn't make any
difference
7. Box A Box B Box A
o OO
° OO o] Jole) ___ Box B
O 0000
It doesn't make any
difference
i 8. Box A Box B Box A
®0 000
0000 O —____ Box B
ceoo| |G®00
o It doesn't make any
difference
9. Box A Box B Box A
@000 |0 ® Box B
Ce0e 000
It doesn't make any
difference
10. Box A Box B Box A
® C)‘.‘. Box B
o) eC e |
It doesn't make any
difference
11. Box A Box A
® O
® 0 Box B

It doesn't make any
difference




12.

13.

14.

15.

16.

17.

Box A ~Box B

OO0

ceoco| | ®0

oooe| | ©©

Box A Box B

© O ©O00
o)X ol X 1)
Box A Box B

N _

ceo| |C®

Box A Box B

O@®

0000| |00
e0e0 |060
Box A Box B
C® O ' X6,

[ JON o0

Box A Box B

OX | QO
o0 o X 4

o s
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Box A
Box B

|
It doesn't make any |
difference J

Box A
Box B
It doesn't make any
difference

Box A

Box B

It doesn't make any
difference

Box A

Box B

It doesn't make any
difference
Box A

Box B

It doesn't
difference

Box A
Box B

It doesn't
difference
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DISCUSSION OF EXERCISE 7.1

Exercise 7.1 was done quite well. Other than for two subjects,
15 (score 5/17) and 20 (score 3/17), the lowest score was 13/17.

21/25 were classified as masters (missed < 2). The overall mean was
87.1 per cent or 14.80 with a variance of 11.44. The mean percentage,
leaving the éubjects mentioned above out, was 93.2 per cent (based on
23 subjects).

Because of the performance on this exercise and the pre-test with
ratios, it was decided not to give the class the practice sheet in
ordering fractions. Individuals who need practice such as subjects
15 and 20 were given the practice sheet. The mistakes of the two sub-
jects showed that in the majority of the items their decisions seem to
be made in terms of which box had the most winners, without even con-

sidering the number of losers.

TITEM DIFFICULTY - EXERCISE 7.1
Choosing Between Two Boxes (1D)

1 24, /25 10 19/25
2 22/25. 11 20/25
3 25/25 12 21/25
¥
A 20/25 13 24./25
5 23/25 14 22/25
6 20/25 15 22/25
7 20/25 16 23/25
8 23/25 17 20/25

9 21/25




Lesson 7, Part II

MONDAY, MARCH 24

Review one-dimensional and two-dimensional probability pro-

blems by placing the following problems on the board.
Give Quiz (write on board).

Pass our Exercise II (Lesson 7, Part II).

For masters who complete exercise, have them start experiments.
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DISCUSSION OF REVIEW OF LESSONS 4 AND 6
AND OF THE INTRODUCTION TO LESSON 7, PART II

Monday (3/24)

On Monday the review problems involving one~dimensional and two-
dimensional problems were put on the board for the class to practice om.
The two-dimensional problems included sampling with and without replace-
ment. The review lasted approximately 15 minutes.

The quiz was written on the board and lasted 15 minutes.

When most students had completed the quiz, the author put the Brain-
teaser on the board of the number of different telephone numbers there
are (using seven digits). The students were told that the problem was
an extra credit problem which they could work on in their free time.

The introduction of the brain teaser tookxfive minutes.

The handout for Lesson 7, Part II was distributed. The first two
questions were done together. The teacher emphasized the importance of
assigning the probability numbers and then ordering these in order to make
the best decition. In the second problem one girl was confused by 1/5,
1/6 and which was larger. The teacher explained to them that if the
numerators remains the same and the denominator is made larger, the
fraction gets smaller.

There seemed to be a semantic problem between the teacher and the

girl. The girl could identify the larger fraction but said that you pick

the smaller number (probably meaning the smaller denominator).
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The discussion of the two problems and how to order two fractions

took the last ten minutes of the period.

The handout was collected although only the two problems that were

done together had been completed.
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MONDAY - 3/24

SUPPLEMENT B TO LESSON 7

Review Lesson (Probability in two dimension)
Materials: Box and 3 plastic animals

Box and 5 numbered plastic chips (1, 2, 3, 4, 5)

1. Review probability in 2 dimensional by putting the following
problems on the board.
(Show the class the box with the three plastic animals in it.)
The follewing box has a plastic dog, cat, and cow.
(1) You pick once from the box. P(dog) = 1
You pick twice from the box and you put the first ome
you pick back.
(Note: Do the problems again only this time you do not put the
first animal back.)
(1) How many possible outcomes are there?
(2) What is the probability of getting a cat on the first
pick and a dog on the second pick?

(3) P(cat on the first pick and any animal on the second pick).

You pick twice from the box and you put the first one you

ONCGIE)
GD Gi) pick back.

(Note: Do the problems again only this time without putting
the first chip back.)

(1) What is the probability of getting @) on the first pick
and () on the second pick?

(2) What is the probabilitf of getting a sum of 77

(3) P(sum = 10) = ?
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The problems will also introduce the problem of assigning a probability
number to picking from a box twice with and without replacement (where
the objects in the box are distinct).

2. Place the quiz on prbbability in two dimensional on the board.

3. In what time remains pass out the exercise for Lesson 7 - 1II.

Do the first two problems together. Collect the exercise. (It will

be completed in class tomorrow.)




|
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Comment: ;

QUIZ III

This quiz was written on the blackboard.

@

®

@06 ®

@

@

You pick one chip from the box.

1. Find tlie probability of getting a
3 or a 4.

You pick one chip from Box A and one
chip from Box B.
2. What is the probability of getting

1 from Box A and 3 from Box B?

3. What is the probability of getting

a sum of 37

You spin the spinner twice.
4., What is the probability of 1 on
the first spin and 2 on the

second spin?

5. P(sum = 4) = 7
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ANALYSIS OF QUIZ TII

Quiz III (five items written on the board) was concerned with one
and two-dimensional probability problems. 13/23 got 5/5 questions correct
and were classified as masters. The mean percentage was 80 per cent or

4.00 with a variance of 1.83. 16/23 got 4/5 or better; 19/23 got 3/5

or better. Those missing two or more problems were subjects 1, 2, 7,
13, 15 and 20.

One person, subject 4, who had been a master on Quiz IIB missed one
on this. She also was the last one done with this quiz (she sat in the
back of the class and said she had to rush because she had a hard time
reading the board). On this basis and because of her other quiz, the

experimenter decided to count her as a master. Thus, using this Quiz

or Quiz IIB, 15/25 were classified as masters. (One boy who was absent,
subject 17, had been a master on Quiz IIB.)

It was decided on the basis of these results that on Tuesday the
class would be split into two groups after the introduction of Lesson 7,
Part II. All masters would work on handout 7.2 while the nonmasters,
as measured by these two quizzes, would be given further practice and
drill by the author concerning concepts or probability problems in one-
dimensional and two dimensional.

Item difficulties, Quiz III:

1. 19/23 3. 18/23 5. 18/23

2. 19/23 4. 18/23
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Lesson 7, Part II

The following set of problems ask you to choose the game which gives you
the best chance of winning. If the chances are the same you are to iden-
tify that it doesn't make any difference. Place an X in the blank to

the left of the choice which you think is correct. Give a short explana-
tion as to why you gave the answer you did. If you do not know the
answer to a problem, leave it blank. Do not guess,

1. Which game would you rather play or doesn't it make any difference?

First Spinner Second Spinner

Blue White

L
Game 1 You spin the first spinner once and you win if you get
red.
Game 2 You spin both spinners once and you win if you get white

and yellow or white and blue.

It doesn't make any difference.

Why?
.. 2. Which game would you rather play or doesn't it make any difference?
Box A Box B
TP | X
Game 1 You pick a chip from box A and you win if you pick the ;
chip with "3" on it.
Game 2 You pick twice from Box B (without putting the first chip

back). You win if you get a "1" on the first pick and a

"3" on the second pick.
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It doesn't make any difference.

Why?
| 3. Which game would you rather play or doesn't it make any difference?
5 Box A Box B
Game 1 You pick a chip from Box A and you win if you pick the
chip with "2" on it.
Game 2 You' pick one chip from Box A and one chip from Box B.
You win if you get a "1" from Box A and a "2" from Box B.
It doesn't make any difference.
Why?
4. Which game would you rather play or doesn't it make auy difference?
Box A Box B

OO |06
® ©,

Game 1 You pick a chip from Box A and you win if you pick the
chip with "2" on it.

Game 2 You pick one chip from Box A and one chip from Box B and
find the sum of the numbers on the chips. You win if the
sum is "3",

It doesn't make any difference.

j Why?
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5. Which game would you rather play or doesn't it make any difference?

Spinner A Spinner B
Red | White
Yellow Black )
Game 1 You spin Spinner A once and you win if you get white.
Game 2 You spin Spinner B twice. You win if you get Red on

the first spin and White on the second spin.
It doesn't make any difference.

Why?

6. Which game would you rather play or doesn't it make any difference?

Box A Box B

OO |00
WO®| |0 ©

Game 1 You pick a chip from Box A and you win if you pick the
chip with "3" on it.

Game 2 You pick twice from Box B without putting the first chip
you pick back. You win if you pick a "2" first and a "3"
on the second pick.

It doesn't make any difference.

Why?




8.

/. Which game would you rather play or doesn't it make any difference?

Box A

Q
®O0O®

©)

Box B

@ O
® O

Game 1

Game 2

- You pick one chip from Box A and you win if you get a

chip with a "2" on it.
You pick one chip from Box A and one from Box B and find

the sum of the numbers on the chips. You win if you get

a sum of "3" or "6".

It doesn't make any difference.

Why?

Box A

Which game would you rather play or doesn't it make any difference?

Box B

©)
®0®
)

Game 1

Game 2

0O
® O

O |

You pick one chip from Box A and you win if you get a
chip with a "2" on it.
You pick two chips from Box B and find the sum of the

numbers on the chips. You win if you get a sum of "5" or ''9"

It doesn't make any difference.

Why?




302

9. Which game would you rather play or doesn't it make any difference?

First Spinner Second Spinner
4 1 B
Kﬁ 3 2 C
\\\ H —~——eonn"’
__ Game 1 You spin the first spinner once and you win if you get
a """,
Game 2 You spin both spinners once and you win if you get '1"

and an IIA” or a lll" and a “B"-
It doesn't make any difference.

Why?

10. Which game would you rather play or doesn't it make any difference?

Box A Box B

® ®©®© 6
e?|| ®

Game 1 You pick a chip from Box A and you win if you get the
chip with "R" en it.

Game 2 You pick a chip from each box and you win if you get "R
and "Y" or "B" and "Y".

It doesn't make any difference.

Why?
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Lesson 7, Part II

TUESDAY, MARCH 25

Do Lesson 7, Part II.

Pass back Exercise II (Lesson 7, Part II) to all students.

a. Have masters of probability work independently.

b. Have nonmasters work with the observer.

c. The teacher is to work with child who has been absent
and answer questions of masters.

For masters who complete exercise, have them start experiments.
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Lesson 7, Part II

ONE-DIMENSIONAL AND TWO-DIMENSIONAL GAMES

Begin the lesson by playing a game with children using the same
procedure as in Lesson 7, Part 1. Only this time, the children will

have to decide between the following two games. The game should be

played 24 or 30 times.

Box A Box B
OO0 OX)
@O ® 6

Game 1. You pick one chip from Box A and you win if you
pick the chip with a "3" or a "4" on it.

|

|

Game 2. You pick two times from Box B without putting §
the first chip back. You win if you get a sum

of "3" when the two chips are added together,

Game 1 should win (2/6 is twice as great as 2/12). Ask

them if they can explain why. (If they do not, mention
probability.)

Pass out handout involving 1 D and 2 D games. Work the first two

problems together. The students should be able to work the rest of the

problems alone,




DISCUSSION OF LESSON 7, PART II

Tuesday (3/25)

The teacher drew a picture of each box on the board and also
wrote the directions for the two games, as in the lesson plan. She
asked the children to choose which game they would rather play and
write it on a piece of paper.

The game was played with each child playing both games once.

Two children passed the boxes and two children tallied the number of
winners and losers for each game.

After the children had played the game, the teacher asked for the
probability of winning each game. They said 2/6 and 2/12 respectively.
The teacher asked them to tell her how they counted the outcomes.,

They said that in game 1 you just count, but you need to draw a tree
for game 2. The teacher then verified the students' probabilities by

counting the outcomes for each game. The teacher asked, "If the

probability of winning in game 1 is 2/6 or 1/3 and we played the game
25 times, how many winners would you expect?" A student said eight.

(This also was the number actually gotten when the game was played

25 times.)

Similar questions were asked for game 2. They replied "Four."

(Again this was what was actually gotten.)
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The teacher .ointed out that the results didn't necessarily have
to come out to that figure exactly, but the chances were greater that
the results would come out near four. The game activity took 10 minutes.

The teacher then went over the entire goal chart and reviewed the
probability of the certain even is equal to one while the probability
of the impossible event is equal to 0. The teacher pointed out the
particular goals that today's lesson was concerned with.

At this point the author told the class the results of the first
quiz on probability problems needing a tree had produced 6/25 masters.
On the second quiz Monday, 16/25 masters. In order to give the other
nine the opportunity to become masters of these concepts, the class
would be split up into two groups. The author would work with the
children who were nommasters while the rest of the class would work on
the exercise for Lesson 7, Part II. When the latter group finished the
exercise, they were told that they could work on experiments 1-4 and begin
to collect data.

The teacher worked individually with subject 6 who had been absent
for a week on the lessons he had missed. The author worked with sub-
jects 1, 2, 5, 7, 13, 15, 20 and 25.

The author talked about games of chance, how people play games
of chance in Las Vegas and how probability helps a person to make the
best decisions in game situations.

The eight students were then presented counting and probability
problems in a group situation involving picking from a box once, twice,
once from Box A and once from Box B, spinning a spinner once, twice, P(Aor B)

and P(A and B) statements, how to use a tree; and the difference between
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problems for which a tree was appropriate in contrast to those for which
it was not.

The students were instructed that they could become masters if they:
assigned the correct probabilities to the games in the exercise of Lesson

/, Part II, problems 3-6. The students then worked on these problems

individually. The author graded these when they were through and gave
the papers back to them so that they could complete the rest of the exer-
cise for tomorrow. Of the eight, three were classified as masters,

(subjects 1, 2 and 7). Only two subjects were still confused (15 and 20).

prove with more practice.

The exercises for Lesson 7, Part II of the students who were
classified as masters and who had been working independently were collected
at the end of the period.

Upon analyzing these papers it became clear that subjects 10 and 25
were having problems ordering fractions. Subject 25 would normally assign
the correct probability number, but would always choose the game with the
smaller fraction. Subject 10 was also having problems in assigning the

correct probabilities. Due to this, it was decided to give the two girls

The other three made some inconsistent responses and probably would im-
|
|
|
the practice sheets on ordering two fractions and to include subject 10
in the extra help session on Wednesday.

Six children (6, 9, 10, 13, 15, 20 and 25) were included in Wednes-
day's extra help session. The session concentrated on the ocbjectives

of Lesson 6 and using probabilities to make decisions between two

games (Lesson 7). The exercise from Lesson 7, Part II was a major source

of problems,




Lesson 8

WEDNESDAY, MARCH 26

Collect homework.

"Yesterday we assigned a probability number to games and
compared the fractions in order to decide which game would
give you a better chance of winning, or whether it didn't
make any difference. Can you think of another way besides
assigning probability numbers to make a good decision between
two games?"

Summarize: ''Today we are going to carry out some experi-
ments to see whether the probability number actually helped
us make the correct decision."

Explain the six experiments.

Explain the Data Sheets.

Form committees.

Pass out instructions and materials.

Pass out Sheet A at the end of the period and discuss. Show

students models to be used.
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g Lesson 8

EXPERIMENTS-~MOST (EQUALLY) LIKELY EVENTS

L% Objectives:
The child should be able to:
1, Perform the given experiment.
2. Specify the cumulative frequency (total number of occur-
o rences) of an event from the data gathered.
3. Specify the cstimated probability of an event from the data
gathered in an experiment.
4. Identify the order of an estimated probability in comparison

to an a priori probability.

Prerequisite Behaviors:

1. Collect and organize data.

2. Specify the probability of an event.

Materials to be used:

1. Marbles, boxes.
2. Tacks, cups (paper).
1. 3. Spinners.

4, Handout.

New Vocabulary:

None.
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Methods of Presentation:

If necessary, revicw graphing using cumulative data cn the overhead.

Present students wi:th the following experiments, Ask students to state
on the handout which of the two events in the experiment is more likely
to happen and to specify the a priori probabilities., Enter into a dis-
cussion about how one could gather evidence to support or reject this
decision. Help them to define and carry out an exneriment, perhaps
in groups of four so that two pcople could be working on each event and
then exchange events half way through the experiment. Ask committees to
record data when finished on a central data sheet and to sign their names.
Since the committees will not be given organized data sheets for each
experiment, they will have to decide how they will gather and record the
data. Remind them of fair and unfair sampling procedures and of the
importance of using fair sampling procedures since the data from the dif-
ferent committees will be compared and totaled together.

After a committee has performed one experiment, it should go on to

another.

Show how one computes the estimated probability as the number of

successes the number of times an experiment is performed in order that
comparisons can be made between the'g priori probability and the former.
Ask them to record this also on the central data sheet. Have a committee
take cumulative results from the diiferent committees and be responsible

for reporting, graphing and interpreting the results for a particular

experiment.

Pass out the following sheet at the end of the lesson. Discuss cen-

tent of the sheet and show students models to be used in the experiments.
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SHEET A

In the coming lessons we will need data gotten from the following

experiments to help us understand probability better.

In order for us to collect the data we would like you to help by

choosing any of the available models from the box in the cornmer. The

models may be taken home overnight. Please sign out the model you take on

the sheet above the box.

Each trial is to be done 50 times. You may do as many trials as you

like. Please record your data on the Central Data Sheet for your experiments.

The experiments are:

1.

To spin the oddly divided, red, & black spinner one time and record

the number of red & black.

To spin the first spinner once, and the second spinner once.
(/2 R, 1/2 B) and (1/3 R, 1/3 B, 1/3 Y) Record two things:

the number of R R (Red, Red), and all other outcomes.

To toss the tack on a hard surface and record the number of times
it turns up, and the number of times it is on its side. (Allow

the tack to bounce to make it a fair toss).

To toss the paper cup on a hard surface and record the number of
times it turns "up" the number of times it turns '"'down' and the
number of times it is on its side. (Allow the cup to bounce to

make it a fair toss).




EXPERIMENT 1%

The following two boxes contain black and white marbles. To play this
game you pick a marble from one of the two boxes. You win if you choose
a black marble, Which box would you rather pick from or doesn't it make

any difference?

Box A ____ Box B it doesn't
make any
difference

® O O
O @ O ® O

Carry out an experiment to see whether the data you gather support your answer.
Divide your committee into two teams. Each team is to take one box and
pick a marble from the box without looking., One member of each team is

to carry out the experiment while the other member acts as a recorder.

The experiment should be done 50 times for each box. The two teams may

change boxes half way through the experiment if they wish.

When you have finished the experiment, record your results on the Central

Data Sheet for Experiment 1,

*Description of experiments given to students (Lesson 8).




EXPERIMENT 2

The following two boxes contain black and white marbles. To play this
game you pick a marble from one of the two boxes. You win if you choose

a black marble. Which box would you rather pick from or doesn't it make

any difference.

Box A Box B it doesn't
make any
difference

o
® ® O ® O O

Carry out an experiment to see whether the data you gather support your answer.

Divide your committee into two teams. Each team is to take one box and
pick a marble from the box without looking, One member of each team is

to carry out the experiment while the other member acts as a recorder.

The experiment should be done 50 times for each box. The two teams may

change boxes half way through the experiment if they wish,

When you have finished the experiment record your results on the Central

Data Sheet for Experiment 2,
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EXPERIMENT 3

Which game would you rather play or doesn't it make any difference?

Box A Box B

0006| | 00
® 6 ®

Game 1 You pick a chip from Box A and you win if you pick the

chip with a "3" on it,

Game 2 You pick twice from Box B (without putting the first
chip back). You win if you get a "1" on the first pick

and a '"3" on the second pick.

It doesn't make any difference.

Carry out an experiment to see whether the data you gather support your answer.

Divide your committee into two teams. One team is to play Game 1 and the
other team is to play Game 2. One member of each team is to carry out the

experiment while the other member acts as a recorder.

The experiment should be done 50 times for each gane. The two teams may

exchange games half way through the experiment if they wish.

When you have finished the experiment, record your results on the Central

Data Sheet for Experiment 3.




EXPERIMENT 4

Which game would you rather play or doesn't it make any difference?

First Spinner

Second Spinner

F
Red White
Red White
Blue
Game 1 You spin the first spinner once and you win if you get red,
Game 2 You spin both spinners once and you win if you get white

on the first spinner and red on the second spinner.

It doesn't make any difference.

Carry out an experiment to see whether the data you gather support your answer.

Divide your committee into two teams. One team is to play Game 1 and the

o*her team is to play Game 2. One member of each team is to carry out the

experiment while the other member acts as a recorder.

The experiment should be done 50 times for each game, The two teams may

exchange games half way through the experiment if they wish.

When you have finished the experiment, record your results on the Central

Data Sheet for Experiment 4.




EXPERIMENT 5

Which game would you rather play or doesn't it make any difference?

Game 1 You toss a tack and you win if it turns up <(::f:::a
Game 2 You toss a cup and you win if it turns up ( ii:jj?)

It doesn't make any difference,

Carry out an experiment to see whether the data you gather support your answer.

Divide your committee into two teams. One team is to play Game 1 and the
other team is to play Game 2. When the objects are tossed into the air
they should be allowed to bounce on a surface before coming to rest,

(We hope this will take all prejudice out of the way you toss, One member
of each team is to carry out the experiment while the other member acts

as a recorder.

The experiment should be done 50 times for each game. The two teams may

exchange games half way through the experiment if they wish,

When you have finished the experiment, record your results on the Central

Data Sheet for Experiment 5.
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EXPERIMENT 6

Which game gives you the best chance of winning or doesn't it make any

. difference?
Box A Box B
Game 1 You pic¢k one chip from Box A and you win if you get a
chip with a "4" on it,
Game 2 You pick one chip from Box A and one from Box B and find

the sum of the numbers on the chips. You win if you get

a sum of 4 or 5.

It doesn't make any difference,
Carry out an experiment to see whether the data you gather support your answer.

Divide your committee into two teams. One team is to play Game 1 and the
other team is to play Game 2, One member of each team is to carry out the

experiment while the other member acts as a recorder,

The experiment should be done 50 times for each game, The two teams may

exchange games half way through the experiment if they wish.

When you have finished the experiment, record your results on the Central

Data Sheet for Experiment 6.
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DATA SHEET

Name

Experiment

(Make sure you have a total of 50 for each trial)

Trial 1 (50 Times)

Number of Number of Number of
1
2
3
4
5
Jotal
Trial 2 (50 Times)
Number of Number of Number of
1
2
3
b
5
Total
Trial 3 (50 Times)
Number of _ Number of Number of
1
z
3
4
5
Total
Trial 4 (50 Times)
Number of Number of Number of
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DISCUSSION OF LESSON 8

Wednesday (3/26)

First the teacher collected the homework. She then showed the child-
ren a cup and a tack and asked them which of these they would rather
toss if they win when the tack or the cup lands up. The teacher told
the students who had done the experiment with the cup and the tack not
to answer. Those children who raised their hands and responded said tke
tack. Two children thought nhat it wouldn't make any difference. Several
children said they weren't sure and wanted the teacher to tell them how
many outcomes there were. She asked, 'What could we do to find out
which would give you a better chance of winning?" One girl responded,
"We could do an experiment."

The teacher then explained each of the. six eXperimenﬁs and showed
the children the models to be used. She exnlained to them how to record
the data. When the teacher asked the children if they understood, the
students were atypically unresponsive. At this point, the author re-
explained, trying to emphasize and convey to them why the activities
were being done.

The class was then divided into committees of four with the teacher
assigning each committee to its first experiment. The children were to
choose the experiments they wished to do from the available materials
thereafter.

The students became caught up in doing the activities and many did

not work as a committee assigning the probabilities first, colliecting
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the data for each games in teams of two and then comparing their results.
Part of this difficulty was caused by the students trying to complete
as many activities as possible.

The rest of the peviod was spent in doing these activities.
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COMMENT ON LESSON 8

The sheets which explained the experiments were poorly constructed.
The students focused on doing the experiment rather than on analyzing
the situation and the data.
The following questions should have been on the sheet for Experi-
ment 1. |
1. What is the P(winning for Box A)?
2. What is the P(winning for Box B)?
3. Before carrying out the experiment, which box would most
likely make you a winner?
Answer the following questions after carrying out the experiment
50 times.
4. How many winners did you get in Box A?
5. How many winners did you get in Box B?
6. Did the box that you expected to win have the most winners?
7. Were the numbers of winners close to the prected number of
winners?
The other sheets describing the experiments should be modified in
the same way. The investigator hopes that by making this change that
students will become more involved in the process of analyzing a

problem a priori, collecting data, and analyzing the data to st . if

the a priori amnalysis was supported by the data.




Lesson 9

ESTIMATED PROBABILITY

Objectives:

The chill should be able to:

1.

Specify the cummulative frequency of an event from the data
gathered from an experiment.

Specify the estimated probability of an event from the data
gathered from an experiment.

Identify that individual team estimated probabilities fluctuate
to a much larger extent than the cummulative estimated pro-
babilities.

Identify that for a large number of triais that the estimated
probability approaches the a priori probability.

Specify likely bounds on the a priori probability of an event
from the graph of the data of an experiment concerning the

event.

Prerequisite Behaviors:

1.

2.

Collecting and organizing data.

Graphing and interpreting bar graphs.

Specifying the cummulative frequency of an event from the data.
An event from the data ordering of decimals of graphing their

values.
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Materials t

be used:

1. Desk calculator.

2. Graph paper.

3. Overhead projector.
4. Transparencies.

5. Data from Lesson 8.

New Vocabulary:

None.

Method of Presentation:

Take data from tossing a coin on the board or over head and show
students how to compute estimated probability as the number of favorable
outcomes divided by the total number of outcomes. Have students compute
estimated problem for each team. Then ask P(h) = ? Then plot a bar
graph of estimated probability for each team and one for cummulative
team results. Do this by having estimated team probabilities changed
to decimals. Have one student punching team ratios into a calculator
to change them to decimals and another student writing the decimal
equivalents on the board, round off the decimals to the nearest humdreth.
Plot the results on an overhead--both graphs. Compare the two graphs
by having them overlap.

1. Ask: How many team results are better than the estimated
probability of all the teams added together? (Only 1 out
of 10--Team 3). Ask which would they rather base the
estimates of the probability of heads--on 10 tosses, 40

tosses, or 400 tosses?
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2. Ask: Which do you think gives the better estimate of P(h) --

one team result or all the team results added together?
Do you see that the estimated probability is slowly coming
closer to the P(h) = 1/2 as the number of trials increase?

Now do the same thing with tossing a tack, only this time have them
plot graphs on graph paper, while you do it one step behind them or
overhead. Have one student at the board and one at the calculator to
hange fractions to decimals first. Ask same questions as before, only
in relation to P(h) = ? (tack turms up). Ask them if they could think"’
of something we could do to get an even better estimate of the probability
of the tack turning up when it is tossed? Bring out doing an experiment
or greater number of times showed give a more accurate estimate.

Do the same thing for each of the experiments as time permits.

For the ones that have not been completed, ask a student to volunteer

to graph the results on an overlay.




Lesson 9

THURSDAY, MARCH 27

|
Before class put picture of each experiment on board.

1. Using questions on Experiment Sheet, go over data from
yesterday.
a. Pass out Experiment Sheets and have two people per
sheet.
b. ©Put data on board for each experiment.
c. List only number of winners for each game.

2. Announce Quiz for Friday on Lesson 7.

3. Pass back Exercises III (Lesson 7, Part II).




Lesson 9

QUESTIONS FOR THURSDAY

1. What is the Probability of winning in Box A? P(A) =

2. What is the Probability of winning in Box B? P(B)

It

3. Which game or Box would mecst likely make you a winner?
4. How many Winners do you expect from Box A in 50 times?
5. How many Winners do you expect from Box B in 50 times?
show daté from Experiment. Write on the board.
6. Did the Box that you expected to win have the most winners?
/. Were the numbers of winners close’to the expected number of winners?
8. Can you see that Probability has helped us make the best decision?

9. Do you see that the Box that has the largest probability number

also has the most Winnders in the long run?
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DISCUSSION OF LESSON 9

Thursday (3/27)

The teacher passed out the description of the experiments and had
the children pair off to share the papers. The teacher then went
through each experiment asking each of the ten questions for all six
experiments. The pictures of the experiments had been put on the board
before class. The teacher wrote the data on the board as she went over
the questions. This took 35 minutes.

The teacher then talked about the diploma the masters of probability
would receive and read the inscription on it. The children had dif-
ferent questions concerning how they earned one. They were told that
if they had been masters 90 per cent or more of the time on the exercises
and quizzes and if they were masters on the final test, they would
receive a diploma.

At this point the observer passed out Lesson 7, Part II's exercise
and announced that there would be a quiz on thesc¢ concepts tomorrow.

The class was instructed to correct the mistakes they had made for the

L

remaining tep minutes of the period.

With regard to the experiments, the children were only mildly

interested in considering their data from yesterday. They showed
interest in the first two experiments and Experiment 5 which involved
the tack and cup. Talking about these results for 35 minutes was too

much.
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Their comments concerning the tack and cup are of some interest.

Some wanted to assign 1/2 to the probability of the tack turning up
because there were two outcomes. Others favored 1/2 perhaps because
of the data they had collected (29/50, 19/50, 24/50, up). The teacher |
referred to the model of the oddly divided spinner and said, ''There are

two outcomes, so is the probability here 1/27" Most children said no.

She then said, "How can you tell hefore you've done the experiment

whether the chances on the tack are equally likely?" She mentioned

that tacks are very different and some have a larger head and a short

point while another has a smaller head and a longer point. The teacher
asked, "Would the probability always stay the same even when the tack
changes?'" There was no general response. Some children weren't sure
and would not respond.

The teacher then talked about the cup. She asked them how many
outcomes there were when one tosses the cup. The children said, "3." i
When the teacher asked if they were equally likely outcomes, the stu-
dents said no. The students were very definite in their preference for

the tack over the cup.

The teacher made the point, "Now dc you see that if you can't assign
a probability number to one of two games or experiments, you have to

carry out the experiment and use the data to make your judgment?"

The suggestions for change on the experiments for Lesson 8 should

make the discussion of the experiments shorter andmore meaningful.




Lesson 9

FRIDAY, MARCH 29

Give Quiz on Lesson 7. Remind them to write their reasons
why, for the second five questions.
2. TLook ahead to what is going to be done.

a. Go over goal chart--do you know each of them?

b. What is to be done the rest of the period.

c. Monday--Review.

d. Tests--Tuesday and Wednesday. Start your review. Test
will be on the same materials. If you get 90 per cent
on this test, you will still be a Master Learner.

3. Place data on the overhead.

Coin experiment~-data. Suppose we tOss a coin 10,000 times
and get 5,048 heads. What is the estimated probability of
heads for the next throw? Mention that if ome did the
experiment 100,000 times, one would get a better estimate of
the probability of heads.

Ask: P(H) = ?

Ask: What does P(H) = 1/2 mean?
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4. Take data from tack experiment and place the results on the
board.

Suppose you toss a tack 12,000 times, you get 8021

and 3979

Estimated probability of is exactly?
Estimated probability of is exactly?
The chances of are about?

The chances of are about?

Suppose you have a tack with a longer point than what you've
been throwing? What would the results be? Would it be
the same as before?

5. Pass out Exercise 9.1--to be completed by Monday.

e




DISCUSSION OF LESSON 9

Friday (3/28)

The quiz on Lesson 7 was given first. This took twenty minutes.
The tracher then showed the children the goals and went over them. She
told them that today they would be going over the data from their
experiments and do a handout. On Monday the quiz would be discussed,
the homework discussed and the rest 6f the time would be spent in
reviewing. On Tuesday and Wednesday they would be tested.

The teacher explained that if a person was a nommaster on today's
quiz, he could become a master by doing well on the final test since
there would not be enough time to give another quiz.

The teacher then showed them on the overhead the data from 'tossing
a coin' and talked about the data, the estimated probability of each
trial, the additive total of the trials, and the estimated probability
based on the additive totals.

Some children were confused on how one got .47 from 187/400. The
teacher divided it on the board 4005T§7 but some still were confused.

The teacher next put the bar graphs of the same data on the over-
head. (She did not explain the scales.) The extremes in the bar graph

of the estimated probability for the individual trials were compared

to the small changes in the bar graph of the estimated probabilities

of the additive totals.
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The teacher then asked what the probability of heads = 1/2 means.
One said that it means there is one way to win and two possible outcomes.
Someone else said it means chances are when you toss it, it will come
up either heads or tails and that they are equally likely. The teacher

asked if it meant that if one tossed the coin six times, that one would

get three heads and three tails. Some children said no, not exactly
but near there. The teacher then said if you did it 10,000 times, about

how many heads would you get? They said about 5,000. She then asked

if it had to be exactly 5,000. The children said no.
The teacher then said that if you tossed a coin 1,000,000 times

that you would come out very close to getting 1/2 of the tosses to be

heads. When you do it ten times, you may be off by a great deal, but
when you do it many times, it comes very close to 1/2.
She then drew a picture of a tack and asked if she threw it

whether she should expect the same results as yesterday. The children

said no. The teacher said, '"How would you assign a probability number
to it?" One child said that you would have to do an experiment.

The imaginary data from throwing a tack was considered and the
estimated probabilities of the tack turning up and down were computed.
The question as to what would be about the true probability from looking
at the data was considered.

The exercise for Lesson 9 was passed out as homework to be gone

over on Monday.




QUIZ - LESSON 7

Name
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The following boxes contain black and white marbles. To play this game you

pick a marble from one of the two boxes.
marble.

You win if you choose a black

If you can play this game only once, do you have a better chance of winning
if you pick from Box A or Box B, or doesn't it make any difference?

For each question, place an "X" in the blank at the right that shows your

choice.
1. ' Box A ~ Box B.
® OO0
oQ o)X X
®
2. Box A Box B
@ oK X,
ON _ ® O
3. Box A Box B

OO OO
@O0 O®00
ole] 10,

Box A
Box B

It doesn't make any
difference

Box A
Box B

It doesn't make any
difference

Box A

Box B

Tt doesn't make any
difference




Box A

Box B

Box A

ON X

® O
o0

Box B

OeoO
L JOF
06e
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Box A
Box B

It doesn't make any
difference

Box A
Box B

It doesn't make any
difference
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The following set of problems ask you to choose the game which gives you the
best chance of winning. If the chiances are the same you are to identify
that it doesn't make any difference. Place an X in the blank to the left
of the choice which you think is correct, Give a short explanation as to
why you gave the answer you did. If you do not know the answer to a
problem, leave it blank. Do not guess.

1. Which game would you rather piay or doesn't it make any difference?

First Spinner Second Spinner

O pma

Game 1  You spin the first spinner once and you win if you get red.

— Game 2 You spin both spinners once and you win if you get red and
a "l" or red and "2",

Tt doesn't make any difference,

Why?

2. Which game would you rather play or doesn't it make any difference?

Box A Box B

OO O
0)O, ®

Game 1  You pick a chip from box A and you win if you pick the chip with
"3" on it,

Game 2  You pick one chip from Box A and one chip from Box B. You win
if you get a sum of "4",

It doesn't make any difference.

Why?
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Which game would you rather play or doesn't it make any difference?

Spinner A Spinner B

Yely

_ Game 1 You spin Spinner A once and you win if you get white,

_ Game 2 You spin Spinner B twice., You win if you get a sum of Z.

4,

It doesn't make any difference,

Why?

Which game would you rather play or doesp't it make any difference?

Box A Box B

oJoJe © ©
OEE ® @
OO ®

_Game 1 You pick a chip from Box A and you win if you pick the chip

with "3" on it,

Game 2  You pick twice from Box B without putting the first chip

you pick back. You win if you pick a "2" first and a "3
on the second pick.

It doesn't make any difference.

Why ?
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5. Which game would you rather play or doesn't it make any difference?

|

r B
© ©,
!

Box A Box

@
©JO10, @ ®
®

| =

Game 1 You pick one chip from Box A and you win if you get a
chip with a "2" on it,

Game 2 You pick one chip from Box A and one from Box B and find
the sum of the numbers on the chips., You win if you get
a sum of "3" or "6".

It doesn't make any difference,.

Why?
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ANALYSIS OF LESSON 9 QUIZ

The mean on the ten item quiz was 8.88 or 88.8 per cent. The

variance was 2.35. 19/25 had 90 per cent or better; 21/25 had 80

v o i,

per cent or better; 22/25 had 70 per cent or better. The three students

scoring below 70 per cent were subjects 10, 15 and 20.

The Item Difficulties Were

1-D ‘ 1-D and 2-D
1. 23/25 1. 23/25
2. 23/25 ' 2. 22/25
3. 25/25 3. 21/25
4. 23/25 4. 21/25
5. 22/25 5. 18/25

Item 5, page 2 was the most difficult item. 4/7 incorrect res-

ponses had assigned the correct probabilities but had either ordered

the fractions incorrectly or made the wrong decision. Part of this
could befdua‘to the subjects' unfamiliarity with fractions expressed
in twentieths.
Subject 10 appeared to have difficulty in ordering two fractions.
Subjects 15 and 20 have been nonmasters on practically every
exercise and quiz. They need more help on assigning probabilities,

ordering ratios and making a decision on the basis of the ordered

fractions.
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Lesson 12 - Ghosts, Goblins and 'Coins that Remember" .

1. Do you believe that there are ghosts ?
2. Do you believe that there are goblins?
3. Do you believe that a coin can remember?

You prohably answered "No'' to all these questions. Yet often we hear
people talk as if they believe that coins can think and remember. They really

do not understand the ideas in the law of large numbers. Most people call it

the law of averages, and they often draw wrong conclusions from it.

—— gro——  —

You have heard people say:
A. "I have tossed an honest coin four times. Each time it came up heads.

The law of averages says that the next toss will he tails. "
Do you believe that the next toss is more likely to be tails than heads ?

B. "My teacher uses a spinner to assign positions for the baseball gaéne
of "work up". I haven’t been assigned as a pitcher yet this year.
Therefore, by the law of averages, I’'m sure to be assigned as pitcher
today. "

Do you think that this pupil is more likely than not to be chosen as
a pitcher?

C. "I have been tossing an honest die. In 23 tosses, the face with one
dot on it has never been up. By the law of averages, it is very likely

that it will come up on the next toss."

Do you think the face with one dot is more likely than any other face?

*Taken from SMSG's Probability for Intermediate Grades, pp. 80-87.
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Let’s look at each of these examples of a misunderstanding of the "law of

averages'. Look back at statement A.

A A cuin does not have a memory. It cannot "remember"
that it has been heads on the last four fosses. There IS

an equal chance for heads or for tails on the next toss.

We can use mathematics to prove that it is "unusual™ to have a coin,
show four heads in four tosses. We can draw a tree diagram,cfmake a table,
How many different
outcomes are there when 4 coins are tossed or when one coin is tossed
4 times? How many of these outcomes consist of four heads? So,

_ 1
P(4 heads) = I -

However, this also means that we expect 4 heads in a row, once every
16 times that we toss 4 coins. The coin while flying through the air on
the fifth toss cannot say to itself, "Weli, that’s 4 heads inarow; I
better twist 4 bit more and be sure to land tails or Tl mess up the 'law of
averages' ." The probability of heads on the next toss is of course -1-, the
same as any other individual toss. Some people who misunderstand the
law of averages think the probability of tails is much greater than L after

2
a coin has been heads several times in a row. Do you know people like this?

They have forgotten that what happens on one toss has NOTHING to do with

what will happen on the next toss.
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Refer to statements B and C.

B. Ifthereare 9 positions on the baseball field, then the
probability of getting any one position is 1 out of 9.
The fact that this pupil has not been a pitcher yet does
not cause the spinner to favor one position for him over
the others. He still has only 1 chance in 9 of being
a pitcher today.

C. This person is overlooking one simple fact about a die --
it cannot think! It cannot say, ''Let’s see now. 1 know
the probability of any face is % My face with one dot
on it has not been up in 23 tosses, so on the next toss

I'll 1and so that the face with the one dot is on the top. "

This person is thinking, ''One face hasn’t been up for a long time, so
that face is more likely to come up than any of the others." This is a mistake
about the law of averages that people often make. He doesn’t really believe
that dice can think, yet he is acting as if they could. Each face on a die has
just as much chance to be up as any other face. If the face with one dot has
not been up in 100 tosses, it still has no more chance than any other face
to be up on the next toss. In fact, it has just one chance out of six.
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Can you thirik of other correct or incorrect statements that you have

heard about the law of averages? List some of them.

Why do so many people misunderstand the law of averages ? It is too bad,

but we all believe things and arrive at conclusions which just aren’t true.

Which of these statements are false?

1.
2.
3.

Lightning never strikes twice in the same nlace.

If you handle a frog, you’ll get warts.

The end of the Panama Canal on the Pacific Ocean side is
farther west than the end on the Atlantic Ocean side.
Horses are smarter than pigs.

George Washington threw a dollar across the Potomac River.
Columbus discovered America.

Many people helieve some of these statements. Did you believe any of

them? If you did, it isn’t at all surprising. However, the six statements

are all false. Most of us believe some things which really aren’t true. Why

is this so? There are many reasons. Among them are:

1.

~No

> W

We are told or we have read something which is not true, but
we remember it.

We did not understand what we were told or what we have read.
We reasoned incorrectly.

Our experience caused us to believe something that wasn’t true.

g -— 7
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5. We jumped to a conclusion without knowing enough facts.

6. We failed to check our belief against the facts.

This list could go on and on. There may be other reasons that you can
think of. People arrive at false ideas about the law of averages for many of
these same reasons. We can he fooled unless we are very careful. We
might believe that an outcome, such as heads on a toss of a coin, is bound
to happen if it hasn’t happened for many tosses. Tt is easy to understand
how our brain fools us in this case. It tells us that for a large number of

tosses of a coin, heads will occur about half of the time -- and this is true.

This is an example of the law of large numbers. Then we ohserve that heads
hasn’t occurred for several tosses and we make tne mistake of thinking that
heads must now start occurring more often to "catch up'' with the number

of tails. This is not true. Remember, a coin can’t think. On each toss,

there is just as much chance for heads to turn up as for tails.

By using mathematics, we can learn many interesting things. For
example, from 15 children in your room, there are 6,435 different ways
you can have 7 childrenona committee. If you choose a 7-member
committee from 30 students, you have a choice of 2, 035,800 different
committees. Another example is if a coin has been tossed and heads have
occurred 7 out of 10 times, chances are less than %— that tails will
"catch up” in 100 tosses. The mathematician can tell what will probably

happen in cases such as this.

The next time that you hear some statement about the "law of averages'’

listen carefully. Try to find what the person helieves and see if he is using

it correctly.




Exercises - Lesscn 12.

Mark these TRUE or FALSE.

.

You have been spinning a spinner that has a dial which

.1 1
is 5 black and 5

on black. Tt is more likely that the spinner will show red

red. The last four spins have landed

on the next spin than black.

The last five new pupils who came to our school were boys.
The chances are better than equal that the next new pupii
will be a girl.

The hospital reported that the last seven babies born there
were girls. Tt is more likely that the next baby born there
will be a boy than that it will be a girl.

The weatherman says that on the average it rains 4 days
during the month of July. Today is the 27th of July and it
has not rained all month. Therefore, it will rain tomorrow.

An auto dealer has 250 new cars and he knows that one
out of every five new cars he sells is colored black. This
week he has sold a blue, a white, a green, and a grey car.

It is more likely than not that the next car he sells will

be a black one.
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Things To Do At Home - Lesson 12..

This experiment may help you to see why some people draw wrong
conclusions from the law of averages.

Problem:

How many times, on the average, do you think that you would have to

toss a coin before it comes up heads? Use the chart on the next page.

Procedure:

Toss a coin. Count the number of tosses until you get a head. For
example: If you get a head on the first toss, write 1 in the column just
to the right of " Ist head" . Start over. If you do not get a head until the
fourth toss, writea 4 just to the right of " 2nd head". Continue until
you have completed column A. Repeat for columns B through E. Each
column provides spaces to record the tosses for 10 heads.

After you have tossed 50 heads, add the number of tosses to get each
group of ten heads. Divide each of these sums by 10 to find the average

number of tosses needed to get one head.

Then, add the sums from the five columns and divide by 50. This
gives the average number of tosses to get one head. Is this average closer
to 2 than the average for each of the five columns? How many times did
it take more than 5 tosses to get a head? How many times did it take 2
tosses to get a head? How many times did it take only 1 toss to get a head?




Exercises - Lesson 12.

85

345

Mark these TRUE or FALSE.

N ———————————

1.

You have been spinning a spinner that has a dial which
is ~12- black and —% red. The last four spins have landed
on hlack. Tt is more likely that the spinner will show red

on the next spin than black.

The last five new pupils who came to our school were boys.

The chances are better than equal that the next new pupil

will be a girl.

The hospital reported that the last seven babies born there
were girls. Tt is more likely that the next baby born there

will be a boy than that it will be a girl.

The weatherman says that on the average it rains 4 days
during the month of July. Today is the 27th of July and it

has not rained all month. Therefore, it will rain tomorrow.

An auto dealer has 250 new cars and he knows that one
out of every five new cars he sells is colored black. This
week he has sold a blue, a white, a green, and a grey car.

It is more likely than not that the next car he sells will

be a black one.
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Things To Do At Home - Lesson 12.-

This experiment may help you to see why some people draw wrong

conclusions from the law of averages.

Problem:

How many times, on th¢ average, do you think that you would have to

toss a coin before it comes up heads? Use the chart on the next page. |

Procedure:

Toss a coin. Count the number of tosses until you get a head. For
example: If you get a head on the first toss, write 1 in the column just j
to the right of "1st head" . Start over. If you do not geta head until the
fourth toss, writea 4 just to the right of "2nd head'". Continue until
you have completed column A. Repeat for columns B through E. Each

column provides spaces to record the tosses for 10 heads.

After you have tossed 50 heads, add the number of tosses to get each
group of ten heads. Divide each of these sums by 10 to find the average

number of tosses needed to get one head.

Then, add the sums from the five columns and divide by 50. This
gives the average number of tosses to get one head. Is this average closer
to 2 than the average for each of the five columns? How many times did
it take more than 5 tosses to get a head? How many times did it take 2

tosses to get a head? How many times did it take only 1 toss to get a head?
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Number of Tosses to Get a Head

1st head
2nd head
3rd head
4th head
>th head
6th head
7th head
8th head
9th head
10th head

SUM

SUM = 19

Perhaps now you can se¢ why some people misunderstand the law of
averages. With many tosses of a coin, we do see that about half of the
tosses are heads. That is, it takes 2 tosses, on the average, to get heads.

But, when you tossed a coin, you found that sometimes you tossed a head

ononly 1 toss. Other times, you had to toss the coin several times to get
a head. This should help you understand that these people fail to see that
the ""average' is made from numbers that differ quite widely and that there

is NOT a "law' which says that you must get a head after tossing 5 tails,
for example. |
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REVIEW LESSON |
|

Monday (3/31)

1. Hand Quiz Lesson 7 back, discuss weaknesses and mistakes.
2. Homework back, discuss mistakes on Lesson 9.

Review

(O]

a. Dice--Die

Starting with a die and then dice, ask for outcomes and i
and write down the answers. (P(3) = ?; P(sum = 3) = 7)
(P(even number); P(2 even numbers)).

b. Estimated Probability

Use data from cup.
Put data on board.
Talk about estimated probability for results. |
Outcomes--are they equally likely? 1
|
c. Review on own by going over papers 1
Masters on their own.

Nonmasters (on quiz)--we will help.

d. Review goals from goal chart at end.




TOSSING A TACK (INDIVIDUAL TRIALS)
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Transparency: Lesson 9

TOSSING A TACK (ADDITIVE TRIALS)

350

Q N O Al o N o
a) p\y ~T o o ™~ (o}

ESTIMATED PROBABILITY

[Tp}
.

A A

1¢+° "¢
Q¢+ "¢

6T+ T

H8T+" "¢

HLT+ " C

9T+ T

G T+ "¢

HY T+ T

HEI+ T

HZT+" "¢

BT+ ¢+

FO L+ " 2+

=6+ T+

Hg+" "¢+




351
MONDAY 3/31

Monday's lesson began by the teacher returning and discussing
the quiz from Friday. Three problems (p. 1 #2, p. 4 #4, p. 5 #5)
were discussed in detail with the children drawing the trees on the
board for #4 and #5.

The homework was then discussed.

The teacher then reviewed the die and dice models, asking questions
concerning outcomes and probabilities.

The data from the children's throwing a cup, a tack, and spinning
tiie two spinners were placed on the overhead and discussed. The
range of the estimated probability for the individual trials was
compared to the range of the estimated probability of the additive
trials.

For example, from the data on the cup, the range of the individual
trials of .00 to .16 for the cup turning up was brought out. The
teacher then asked if the children would assign a probability number
from these results. There was no response. The teacher then looked
at the additive total and the ratios. She repeafed the question and
still got no response. $She then brought out that the data supported
assigning the probability of about 7 per cent to the chances of the cup
turning up. The fact that the three outcomes of tossing the cup were
unequally likely was recognized by the students. When the teacher
asked why, 2 girl replied that the cup had more area on its side and

will land on the side more often and thus the outcomes aren't

equally unlikely.
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After the discussion of the data from the models, the class was
instructed to begin their review for tomorrow's quiz by looking over
their old papers and seeing their mistakes. 1In response to questions
about tomorrow's test, the teacher told the children that there wouldn't
be any tvpe of question o the test that hadn't already been done.

At the end of the period the teacher briefly went over each goal

from the goal chart.

After the period, the teacher and the author worked with subjects
15 and 20. From an analysis of their mistakes in quiz on Lesson 7,
it was found that subject 15 was not using the probability numbers in
making a decision and that subject 20 was assigning the probabilities
to the events (finally) but was only using the numerator to make her

decision (regardless of the denominator). Individual tutoring was

given them on the basis of this analysis for approximately 30 minutes
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Multiple Choice =
Identify whether the following fractions are equal or if one is

larger than the other.

1. 1/4, 2/6
(a) 1/4 = 2/6 (b) 1/4 is greater than 2/6
(c) 2/6 is greater than 1/4

2. 1/2, 2/4

(a) 1/2 = 2/4 (b) 1/2 is greater than 2/4
(c) 2/4 is greater than 1/2
3. 2/10, 3/9

(a) 2/10 = 3/9 (b) 2/10 is greater than 3/9

(c¢) 3/9 is greater than 2/10

4. 2/3, 3/6

T ST s W

(a) 2/3 = 3/6 (b) 2/3 is greater than 3/6
(c) 3/6 is greater than 2/3

5. 1/2, 3/7
(a) 1/2 = 3/7 (b) 1/2 is greater than /7
(c) 3/7 is greater than 1/2

6. 2/3, 3/5

(a) 2/3 = 3/5 (b) 2/3 is greater than 3/5

: (c) 3/5 is greater than 2/3

7. 1/5, 2/10
(a5 1/5 = 2/10 (b) 1/5 is greater than 2/10
(c) 2/10 is greater than 1/5

8. 2/10, 2/9
(a) 2/10 = 2/9 (b) 2/10 is greater tﬁan 2/9

(c) 2/9 is greater than 2/10

Comment : This exercise was only given to five students (subjects 1,
10, 15, 20 and 24) who needed practice in ordering twc fractions.




10.

11.

12,

13.

14.

15.

16.

3/8, 2/5

(a) 3/8 = 2/5

(c) 2/5 is greater
2/3, 4/6

(a) 2/3 =4/6

(c) 4/6 is greater
3/5, 6/10

(a) 3/5 = 6/10

(b) 3/8 is greater than 2/5

than 3/8

(b) 2/3 is greater than 4/6

than 2/3

(b) 3/5 is greater than 6/10

(c) 6/10 is greater than 3/5

2/10, 1/4

(a) 2/10 = 1/4

(c) 1/4 is greater
2/4, 4/8

(a) 2/4 = 4/8

(c) 4/8 is greater
2/5, 1/2

(a) 2/5 = 1/2

(c) 1/2 is greater
3/10, 2/6

(a) 3/10 = 2/6

(c) 2/6 is greater
3/6, 2/4

(a) 3/6 = 2/4

(c) 2/4 is greater

(b) 2/10 is greater than 1/4

than 2/10

(b) 2/4 is greater than 4/8

than 2/4

(b) 2/5 is greater than 1/2

than 2/5

(b) 3/10 is greater than 2/6

than 3/10

(b) 3/6 is greater than 2/4

than 3/6




17.

18.

19.

20.

21.

22.

23.

24,

3/4, 4/6

(a) 3/4 = 4/6

(c) 4/6 is greater
1/3, 2/6

(a) 1/3 = 2/6

(c) 2/6 is greater
1/5, 1/6

(a) 1/5 = 1/6

(c) 1/6 is greater
1/3, 1/6

(a) 1/3 =1/6

{(c) 1/6 is greater
1/3, 2/9

(a) 1/3 =2/9

(c) 2/9 is greater
1/3, 1/9

(a) 1/3 =1/9

(c) 1/9 is greater
2/8, 3/9

(a) 2/8 = 3/9

(c) 3/9 is greater
2/10, 1/8

(a) 2/10 = 1/8

(¢) 1/8 is greater

(b) 3/4 is

than 3/4

(b) 1/3 is

than 1/3

(b) 1/5 is

than 1/5

(b) 1/3 is

than 1/3

(b) 1/3 is

than 1/3

(b) 1/3 is

than 1/3

(b) 2/8 is

than 2/8

greater

greater

greater

greater

greater

greater

greater

than

than

than

than

than

than

than
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2/6

1/6

1/6

2/9

1/9

3/9

(b) 2/10 is greater than 1/8

than 2/10




25,

26.

27.

28.

30.

2/3, 2/4

(a) 2/3 =2/4 (b) 2/3 is
(¢) 2/4 is greater than 2/3
3/8, 2/5

(a) 3/8 =2/5 (b) 3/8 is
(c) 2/5 is greater than 3/8
1/4, 7/16

(a) 1/4 =7/16 (b) 1/4 is
(c) 7/16 is greater than 1/4
1/2, 2/6

(a) 1/2 = 2/6 (b) 1/2 is
(¢) 2/6 is greater than 1/2
1/3, 1/4

(a) 1/3 = 1/4 (b) 1/3 is
(¢) 1/4 is greater than 1/3

1/5, 6/20

(a) 1/5

(¢) 6/20 is greater than 1/5

6/20 (v) 1/5 is

greater

greater

greater

greater

greater

greater

than 2/4

than 2/5

than 7/16

than 2/6

than 1/4

than 6/20

356
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. POSTTESTING

The posttest was administered on Tuesday (4/1) and Wednesday (4/2).
Part I, given on Tuesday, took 35 minutes. Part II, given on Wednesday,
took 25 minutes.
After the children had completed Part I, the children asked two
questions:
1. Was the answer to the dice problem ((R 12-1), ""How many ways
can all the sums be gotten?" (when two dice are thrown))
36? The investigator hesitated in answering the question.
But after one of the brightest boys in the class said yes,
the investigator confirmed his reply. A cheer went up from
the majority of the class. Some of the best students had

asked about the question or a parallel question that used

the same wording during the test. The investigator did
not answer their questions at that time.
2. What is the answer for the question about throwing a tack
(R - 14 - 1)? The investigator discussed the item, but
the students seemed confused concerning the wording of
the item.
On Wednesday, after administering Part II the students asked more
questions. The one they were most concerned with was R - 13 - 1 on the

estimated probability. The investigator also discussed the solution

of the two brainteasers given earlier concerning the total number of
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telephone numbers possible us‘ng seven digits and the probability of
having children in a family in a particular order (e.g., P(Girl, Boy,
Girl) = 1/8.)) The investigator tried to get them to generalize from the
tree to use the product rule. However, many of the group did not seem

ready to do this yet.

Awarding of Diplomas:

The diplomas were presented to the group on April 11 by the
investigator and the teacher used in the study. All but two received
their masters diplomas. Subjects 15 and 20 were given mastery diplomas

‘at the B level of Qork.

The investigator discussed the items on the posttest concerned
with the question, "How many ways can you get . . .?'" and Item R - 13- 1
on the approximate probability.

Unfortunately, there was no blackboard to write on. Thus the

discussion was purely a verbal discussion of the previously mentioned

problems.




